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Standard Forms of Certain Types of Peirce Algebras.* 

By James Byrnie Shaw. 



I. Introduction. 



1. The determination of general laws for the relationships of numbers in 
an algebra of order r has not progressed very far, especially as regards Peirce 
algebras. By Peirce algebra is meant an algebra containing an idempotent 
unit y\, which is the modulus, all other expressions being nilpotent unless they 
contain a term of the form ay, where a is a scalar coefficient. The reduction of 
algebras in general must depend on such laws of structure of an algebra, and it 
seems that even in the simpler cases, after we have reduced to forms that have a 
comparatively simple multiplication table, the complete exhaustion of all the 
information which can possibly be obtained by using the law of associativity 
leaves nevertheless a number of arbitrary parameters which can only be 
removed by linear transformation of the units, if removable at all. The further 
determination of individual types becomes then somewhat a matter of personal 
choice. The present paper does not consider this question, which has been 
touched upon elsewhere. It seeks only to reduce certain particular cases to 
their simplest forms, thus extending the present narrow list considerably. 

2. It is known that, for any Peirce algebra, we may take any one of the 
nilpotent expressions to be a unit, called the adjunct unit,f represented by e u , 
determine then a set of expressions called the base, defined by units y\, e^, 
%» ••••>«W Any expression of the algebra is then linearly expressible in 
terms of 

^j e w> e n> e <o e n> ^li* e m e u> • • • •> e m ^li, > • ■ • • , ef{~ . 

It is preferable of course to choose for e n a number which will give ^ as high a 

* Read before the Chicago Section of the American Mathematical Society, Dec. SO, 1907. 
t Shaw : On Nilpotent Algebras, Trans. Arner. Math. Soc. (1903), 4, 405-422. 
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value as will any other expression in the algebra. In that event, r — ^ is called 
the deficiency of the algebra. 

3. Scheffers* and others have shown that the units may be regularised; 

that is, put into an order e lf . . . . , e if . . . . , e jf such that e t e t and e 5 e % are of 

the form l/y^ e k where h > i, and k >y. The theorem quoted in § 2 implies 
this. 

4. Peirce f showed that when the deficiency is zero, the algebra is ex- 
pressible in terms of the units y, e n , , e u -1 , or, in a more convenient 

notation, q, i, i 2 , . . . . , i r ~ 1 . He showed further that when the deficiency is 
unity, the algebra is defined by the units *i,i,j, • ■ ■ • , j r ~ z , where 

ij=0, # = aj r - z , ji—bj r ~ z . 

We find here four types not reducible into each other, namely 

I. a = b = 0. 

II. a = 0, b = 1. 

III. o=l, 6=0. 

IV. o = 6=l. 

5. The cases of deficiency two were reduced in full by Starkweather. J 
There are three types, each with numerous sub-types. They are as follows. 

When r > 6. 

(1) Type (Yi,i,#,j,j\ ....,/'"■). 

(11) i 3 =y- 3 ; ij = 0=ji. 

(12) * s = 0; ij=0=ji. 

(13) i 3 =y- 3 ; ij=0; ji = 2f- 3 ; /*» = 0. 

(14) i 3 = ; ij = ; ji = 2j'~ 3 ; p = 0. 

(2) Type (17, i,j, ij,f, . . . .,j r ~ s ). 

(21) t 8 =y -4 ; i 3 = ; y* = ^y ; iy = »y* = /i 2 =y- 3 . 

(22) i 2 =y r ~ 4 ; y* = ty + 2y- 3 ; ty =y - 8 = iji =/»*. 

(23) i 2 =y- 4 ; y; = 4 y + 2y-* + 2 C y- 3 ; ty =y- 3 = #•=/*; y# = 2/-». 

* Sohbfpbbs : JfatftemaMsofte 4«M«Zere (1891), 39, 293-390. 

+ B. Pbiboe: Ambb. Joub. of Math. (1881), 4, 97-193. 

J Stabkweatheb : Ambb. Joub. of Math. (1899), 81, 369-386 ; (1901), 33, 378-403. 
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In this sub-type c = when r =£: 8. 

(24) »*=/'-*+/'-"; ji = - ij - 2j*-* ; ?j=j'- 3 ; iji = -j r ~ 3 ; 
/.»=/-»; jij = — 2f-*. 

(25) .'=y-*; ji=-ij) %=?-*', v» =—>'"«; jV=y-«. 

(26)i 2 = A/- 8 ; ii = 2^ty+2(2-c)y- 4 ; iji = = #j = jv>; 

>y =2(2- c)/- 3 ; i 2 i = 4i'- 3 . 

In this sub-type A = or 1 when r=f=7. 

(27) i?=j r ~ 3 ; ji=—ij; v s j=o=ji?z=iji=zjH=jij. 

(28) tf = hf- s ; ji = ij+2j'- s ; i*j = =»' = iji=j#=jH. 

In this sub-type A = or 1 when r=f=7. 

(29) {p=j r ~ 3 ; ji = dij; i z j = = iji=ji 2 =jH=jij. 
( 2a) i 2 = 0; /» = <%' ; i 2 / = = «/» =yi 3 =y ? « = jif- 

(2/3) i 2 = *y +y r-s ; y» = o; iy = iy* =y»* = o =/*» =y*y = * 3 . 

( 2y) ^" ^ = if; y» = ; # = iji =j? = =jH =jij = i 3 . 

(2e) •*=/•*-•; ji=2f- s - 

(2f) t»=y-» ; y* = o. 
(2>7) t 8 = o=y*. 

(3) %pe (ri,i,J,h ....,#"-■). 
(31) i 2 = #-• ; v =/» = 0=ki=kj -f —jk. 

(32) i 2 = o =y* = y = w = *ifc =y& = &/ =y 2 . 

(33) i? = 0=zj z =ik=ki=jk = kj; ij=gk r - 3 ; ji = k r ~ 3 . 

(34) ** = =y s ; l? = F- 3 = j» ; H = 2F- 3 = /fc/. 

(35) i 2 = 0=y 2 ; ij—¥- 3 =ji; kj=2k r ~ 3 ; H=0. 

(36) f»=jjf-»; y 8 = 0; *y= — F~ 3 ; /»=*'•-■; ki = = kj. 

(37) i 2 = F- 3 ; y 2 = ; ij = =>* ; H = ; kj = 2k r ~ 3 . 

(38) *» = #-»; f = 0=ij=ji; ki=2k r ~ 3 ; kj=0. 

(39) i 2 = = y 2 = iy = ji = ft» ; &y = 2/fe'- 3 . 

The forms which these algebras take when r = 4, 5, or 6 appear in 
Scheffers' * and Starkweather's f lists, and may be found also in Shaw's J 
" Synopsis." 

*Sohbfi'BKS: Math. Ann. (1891), 89, 293-390. 
t Starkweather : Aher. Jour, op Math. (1901), 33, 378-402. 

JShaw: "Synopsis of Linear Associative Algebra," Carnegie Institution of Washington, D. C, pp. 103, 
105, 106. 
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6. The theorem mentioned in § 2 may be expressed more definitely by 
representing the generators in terms of certain ideal units denoted by % Vk , thus : 

e /0 = Xb gh \ w + Xa m % m> (i, j = 1, 2, , m) 

e u = a-in + 2a^ ft h m , (i, J =1,2, , m) 

V = ^110 + \s& "f" • • • • + ^mmOj 

where ^ i >yfc>l, and &>/&j — ixj,g>h. Further, the coefficients b gh are so 
chosen that if the terms \ k be cut off from the expression for e f0 , giving 

then these units define an associative algebra. The ideal units \ jk satisfy the 
laws 

where c = 1 when ^ > h + &' > ^ — ^ , A; -f- A;' > ; otherwise c = 0. Also 
3^, = i if / = i', otherwise 3^, = 0. 

In this notation, and starting from this theorem, we may produce the com- 
plete set of sub-types of an algebra whose type is assigned. It is purposed to 
study a few types by this method, both for the results obtained and to show the 
utility of the method. 

II. The Type (v;, i, ,i m ,j, , y-™-i). 

1. It is implied that ij= 0. Since j r ~ m = 0, ^ = r — m; since ij=i?j 

= = * m / = 0, (i z = (i 3 =z. . . .=2(i m + 1 z=. l. Hence we will find no other 

forms of >l than /l 210 , /l^, Jl 430 , . . . ., /V TO + i )TO>0 , Jl m , . . . ., /Vi,i, r _ m _i, ^i,t, r -m-x 
(<=2, ....,«i + l). 

2. If for convenience we write only the subscripts, omitting X, then 

m+l 

i— (210) + (320) + .... + (m + 1,»J,0) + % a t {l,t,r— m — \), 

1=2 
m + l 

j = (lll)+2b t (l,t,r-rn-l). 

t = 2 

Thus 

m+l 

i 2 = (310) + + (m + 1, m— 1, 0) + 2 a t (l,t— 1, r— »i— 1). 

t = 2 

For £ = 2, however, (1, t — 1, r — m — 1) becomes (1, 1, r — m — 1) and i 3 
would contain a term a 8 / r_m_1 , which is not possible if m > 1. The type for 
m = 1 is included above in I, and need not be discussed again. Hence a % = 0. 
Likewise, from i 3 , . . . . , i m we have a t = for t = 2, 3, , m. 
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Therefore 

i — (210) + (320) + .... + (m + 1, m, 0) + a(l, m + 1, r— m — 1) ; 

j» =(310) + (420)+ .... + (m + 1, m — 1, 0) + a(l, m, r—m— 1); 

5 

i m =(m + 1, 1, 0) + a(l, 2, r — w — 1); 

i m + 1 = a(l, 1, r — m— 1). 

3. Again, 

y s = (H2),..,.,y— i=(l, l,r-m-l); 

m + l 

j* = 2 b t (1, < — 1, r — m — 1). 

t = 2 

But this gives ji = bgj r ~ m ~ 1 , and & t = for tf > 2. We have therefore 

y = (lll) + 6(l, 2, r— w— 1). 

4. Hence we may suppose finally for all algebras of this type that 

4 y=0; ji = bj r - m -\ 
If a =£ 0, b = 0, we may choose iy = ia - srri, whence 

% m+1 =y r - m - 1 , i»i=o. 

If a = 0, b zfz 0, we may take j\ = y6 r-m-2, whence 

im + 1 — a „V — fw „• ,• — • r — m— 1 



r-m — g 

/ f-n-l Wf-M-il-1 

If a :£ =£ J, we may take t a = *Aa~ 1 & r_m ~' 8 J , 

i 



y, =y(a _1 6 TO+1 ) »<»■ - »-» - 1 ; whence 

i +1 — ,'r-m-l : i — n „• ,• „'r— ro-1 

*1 — yi > *1^1 — U >^1*1 — h 

5. We have then four sub- types, given by the equations: 

(1) im + l—jr-m-l } ji — Q, 

(2) i m+1 = 0, jiz=f-™-\ 

(3) t TO+i =y- m_l =/». 

(4) i ro + i =o=y». 

The types worked out by Benjamin Peirce for deficiency unity are thus 
extended to all the types for the class represented by the symbol 
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III. The Type („, i, i 2 , . • • -, *»,/, y,y», . . . .,f -»-»). 

1. We have now Hi = r— m — 1, ^=2, ^ 3 = ^ = . . . . = ^ m+1 = 1. 
Thus 

TO + 1 

» = (210) + . . . . + (m + 1, m, 0) + 2 a t (2, «, 1) + 6(1, 2, r — m - 3) 

t = 2 

m + 1 

+ 2c„(l, t>, r— m — 2); 

» = 3 
m + 1 m + 1 

/ = (11 1) + 2 d t (2, *, 1)+/(1, 2, r-wi - 3) + 2 & (1, «, r- m - 2). 

{=2 t> = 3 

2. Thus 

ro + l 

t 2 = (310) + . . . . + {m + 1, m— 1, 0) + 2 a t (2,t — 1, 1) + 6(1, 1, r— wi— 3) 

t=2 

m + 1 

+ 2 c v (l,v— 1, r— m — 2). 

V = 3 

Now i 2 is independent of *;* or j r ~ m ~ 3 , so that a 2 = = 6 unless m = 1. Since 
the deficiency would thus be 2, this case has been considered. Likewise we find 

a t = 0, t < m + 1 ; c„ = if « < m + 1. 
Therefore 

i =(210) + .... + (rn + 1, m, 0) + a (2, w + 1, 1) + c(l, wi + 1, r — m — 2); 

• • ! 

i m + 1 = a (211) + c (1, 1, r — wi — 2) ; 

ij =(211). 

3. Again, 

m + 1 

i 2 = (112)+/(l, 2,r-m-2)+2d t f{l,t,r-m-2); 
i 8 = (113); 



y- m - 2 = (l, 1, r— w — 2); 

m + 1 

;»= 2 dt(2, *-l,l)+/(l,l,r — m -3) + /a(l,wi + l,r — m-2) 

t = 2 
m + 1 

+ 2^(1, v—1, r — m — 2) = (4(211)+/(1, 1, r-m-3). 

p = 3 

Therefore 

c? t = for < > 2, /a = 0, <7„ = for t> = 3, , in + 1 , 

and 

; = (111) + <Z(221) +/(1, 2, *•- m - 3), 

with either 

/"=0 or a = 0. 
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There are then two subdivisions : 

(1) i = (210) + .... + (m + 1, m, 0) + c(l, m + 1, r — m — 2), 
./= (111) + d(22l) +/(1, 2, r-m— 3). 

(2) t = (210)+....+ (m + l,m,0)+o(2,m + l, l) + c(l,m+ 1, r-m— 2), 
y=(lll) + rf(221). 

In (1), if c :£ we may take it equal to 1, and if /:£ we may take /= 1. 
We may proceed likewise with a and c in (2). Thus we have the sub-types of 
this type (m > 1) : 

(1) i™+ 1 = 0, ji = dij; 

(2) »m + i = yr-m- 2> ji = dy ; 

(3) i»+ 1 = v l y;=<foy ; 

(4) »* + x = v + y -* - 2 , ji = cfo)' ; 

(5) i m +* = 0, ji = dij + f- m - 3 ; 

(6) t ro+1 =y- m - 2 , /» = dv +y-m-3 



d arbitrary. 



Hence 



IV. The Type (>?, i, j, . . . . , /"• - x , A?, . . . . , k r ~ m ~ J ) . 

(a) TTAen Neither i 2 nor /» Contains j m ~K 
1. Here 

^ = r — m, ^3 = ^3 = = (<n + i=l. 



TO + 1 



i = (210) + ....+ 2a t (l,<,r — m— 1); 



t = 2 



TO + 1 



y = (310) + . . . . + (m + 1, m, 0) + 2 6 U (1, u, r — m — 1) ; 

m — O 



TO + 1 



&=(111)+ Sc„(l, v, r— m- 1). 



Hence 



Therefore 



» = s 



•■ = 0,(1,1, r — m— 1); 

iy = a 3 (l, 1, r—m — 1) + a 4 (l, 3, r — m — 1) 

+ +«m + i (1, ™, r — m — 1). 

a t =0 for />3. 



Again, 



yt=6 8 (l, 1, r — m—1); 

y 2 = (410) + (530) + .... + (m + 1, m - 1, 0) 

+ 6 8 (1, l,r— m— 1) + 6 4 (1, 3, r—m—1) 

+ •••• + &m + i(l, m, r—m — 1). 
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b 3 = 0, and likewise 6 4 = = 5 6 = = b m . 

Again, 

££=0,(1, 1, r — m — 1); 

kj=c 3 {l, 1, r — m — l) + c 4 (l, 3, r — to — 1) + . . . . ; 
and 

c„ = for v>3. 

2. Thence 

i =(210)+ a 2 (l, 2, r — to — l) + a 3 (l, 3, r — m — 1); 
y = (310) + .... + (to + 1, to, 0) + 5 2 (l, 2, r-wi-l) 

+ *m+i(l, w»+l, r — to — 1); 
4=(lll) + c 2 (l, 2, r— to— l) + c 3 (l, 3, r — to — 1). 

The defining equations of the algebra become 

t» = a,fr— >; j m = b m+1 k r - m ~ 1 ; ij = a z V- m -'; 
fi = l t U r - m - 1 ; ki=zc i k r - m - x ; kj=c 3 k r - m ~K 

If aj 3= we may take i = a'» u which amounts to supposing c^ = 1. Likewise, 
if 6 W + 1 ^=0 we may take 6 m+ i=l. In case ct^O, & m + i^0, a 3 =£0, we 
may change i, j, k into such multiples that 

p — lf-m-l^ jm-fc-m-l^ £_flr-m-l # 

(6) TPAen t 8 Contains j™' 1 , but ji Does not. 

3. In this case 

m + l 

t =(210) + (m + l, 2, 0)+ 2o ( (l,«,r-m-l); 

t = 2 

m + l 

y =(310) + ....+ (to + 1,to,0)+ 2 4«(l,«,f-m-l); 

u = 2 

m+l 

& = (HI) +- 2c„(l, t>, r— to — 1). 

Hence 

i 2 =(m + l, 1, 0) + a 2 (l, l,r- to-1); 

t)' = a 3 (l, l,r — to— 1) + ....; 
and 

a ( =0 for *>3. 

Also 

ji = b 2 {l, 1, r — m— l) + 6 m+1 (l, 2, r— to — 1); 

f- (410) + . . . . + (to + 1, m - 1, 0) + 6 8 (1, 1, r— to - 1) 

+ --- + 6 m + i(l, to, r — m— 1). 
Hence 

b u = for w>2. 
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Again, 

ki=e,(l, 1, r — m—1) + c ro + 1 (l, 2, r — m — 1); 

¥ = c s( 1 > 1, r — m—1) + ; 

and 

c„ = for « > 3. 

4. We have therefore finally 

t 2 =i m " 1 + a 2 F-™- 1 , y™ = 0, ij = a 8 ¥~ m ~ *, 

ji = b 2 Jc r - m -\ Jci =c z Jc r - m - 1 , hj = c s h r - m -\ 

(c) When ji Contains j m ~ l but i 2 Does not. 

m+l 

b. i =(210)+ 2a,(l, t, r— rn — 1); 

m + l 

j = (310) + . . . . + (m+l, 2, 0)+(m+l, m, 0) + 2 5 tt (1, u, r—m—1) ; 

u = 2 
m + l 

h = (lll) + 2c„(l,t>,r — m — 1); 

i 2 = a 2 (l, 1, r — m — 1); 

i/ = a 8 (l, 1, r — m — 1) + + a TO+1 (1, m, r — rn — 1) 

+ a m+1 (l, 2, r—m—1). 
Hence 

a t = for < > 3. 

f- (410) + ....+ (m + l, m — 1, 0) + & 8 (l, 1, r—m — 1) 

+ J 4 (1, 3, r — m-1) + .... + 6 m+1 (l, 2,r-m-l); 

yi = (m+l, 1, 0) + 6 2 (l, l,r — m-1). 
Therefore 

b u — for m + l>«>2. 
Also 

y*y=0; hence 5 TO+1 = 0. 

6. Hence, finally, 

v t = a 2 k r - m - 1 ; y m = 0; ij = a 8 & r -" v - 1 ; 

j»= 6 3 ^- m - x +y m - 1 ; &» =c s ^ r - m - 1 ; &/= c,,^-" 1 - 1 . 

(d) When Both & and ji Contain j m ~ 1 . 

7. The analysis leads to the equations 

^—ym-l + ^fcr-m-l. jm — q . jj — ^ £r-m-l . 

/» = 6 2 *•-»- J +j m ~ 1 ; U—c z Je r - m - 1 ; hj = c 8 & r - m - x . 
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V. The Type fa, t, j, ij, f, ij\ f, . . . . , f~% 

1. In this type (ti = r — 3, ^ = 3; hence 

* = (210) + b (221) + 0(222) + 4 (1, 2, r— 6) + <^(l, 2, r— -5) 

+ «4(1, 2, r — 4); 
i =(lll) + y(221) + A(222) + / 1 (l, 2, r - 6) +/, (1, 2, r — 5) 

+ /,(1, 2,r-4). 
Therefore 

ij=(211) + bg(222) + d 1 g(l,2,r-5)+(d z g + d 1 h)(l t 2,.r-4)', 

if = (211) + d 1 g(l, 2, r — 4); 

/ = (112) + gr a (222) + f x [g + 1) (1, 2, r — 5) 

+ (/.+/i*+/.0)(l, 2, r-4); 
V»=(118)+/ 1 </ + «r+l)(l,2 > r-4); 
i 4 =(114). 

(a) When r > 9. 

2. i* = 6(211) + c(212) + 6 2 (222) + d 1 (l, 1, r— 6) + <2 2 (l, 1, r— 5) 

+ <Z 3 (1, 1, r — 4) + H(l, 2, r— 5) + (H + a*,) (1, 2, r-4) 

= 6(211) + ^(222) + bd l9 (1, 2,r-5) + 6(d 8 gr + d! 1 A) (1, 2, r— 4) 

+ e(212) + od l flf(l, 2,r-4) + ^(l, 1, r — 6) + <^(1, l,r — 5) 

+ 4,(1, l,r — 4). 

Thus 

6 2 = b z g, bdi = S^gr, bdg •+• c^ = 6<4<7 + bdji + ciigr. 

3. Again, 

yi=y(211) + A(212)+/ 1 (l, l,r-6)+/ 2 (l,l,r-5)-f/ 8 (l,l,r — 4) 
+ 6<jr (222) + (^ + bf,) (1, 2, r - 5) + (a\ + cfj (1, 2, r - 4) 
= g (211) + bg* (222) + d 1 g*(l, 2, r -5) + (d z g* + 2d l9 h)(l,2,r- 4) 
+ A(212)+/ 1 (l,l,r — 6)+/,(l, l,r-5)+/ 3 (l, 1, r — 4). 
Thus 

6/= bg, dy + bf 1 = d l g\ d z +f 1 c = d ;s g i + 2a\ gh. 

4. Next, 

fi=g z (212)+/^ + 1) (1, 1, r — 5) + C/3+/1A +/ a <7) (1, 1, r — 4) 
+ (<* 1 + 6/ 1 (<jr + l))(l, 2,r-4). 
Therefore 

<W-i) = 6/i(?+i). 



Shaw : Standard Forms of Certain Types of Peirce Algebras. 55 

5. Collecting these results we find the following sub-types: 

(1) 6=0, c = 0, c/:£±l, di = 0, ^=0. 

(2) 6 = 0, c = 0, g=±l, d t = 0. 

(3) 6 = 0, c = 0, g—1, h = 0. 

(4) 6 = 0, c =fc 0, flr = 1, 2c? x h — c/i = 0. 

(5) 6 = 0, C^rO, gr^l, C? x = 0, f = 0. 

(6) 6=£0, #=1, <Z X =0, / x = 0. 

(7) 6=#=0, 0=1, A = 0, /a=0. 

The resulting equations are 

(i) ? =rf 3 y r - 4 ; /» , =w+*v"+/iy r - , +/.j ,r " , + /iy r - 4 ; 
y 8 *=/^ + i)y r - 4 ; 

JiJ=gif+fij r - 6 + fzJ r - i > 

y^^/i^ + i)/- 4 . 

(2 2 ) * =^y-« + cy-«; yi=iy+%' 8 +/ 1 y t - 6 +/ 2 y r - 5 +/ 3 y r - 4 ; 
y 2 i = *y 2 + 2/iy- 6 + ( 2 / 2 +/ x %^- 4 ; y; 2 = tf,y-* = <y ; 
y s i = 2/ x y^; 

jij=if+fiJ r - 6 + Af- i ', 

y s *y=2/iy- 4 . 
(a 8 ) * =d 2 f-*+d s f- i ; yi=-*y+^y 2 +/iy r - 6 +/ 3 y- B +/ 3 y r - 4 ; 

y 2 » = # 2 +/ 1 # r -* ; y 3 i = o ; 

y*y = - # 2 + yiy- 6 +/ 2 y- 4 ; y# 2 =/iy- 4 ; yv = o ; 
y*=*y-*=»y 

(3) i 2 =d 1 f-' + a\f- ,i + d 3 f- i ; ji = ij +f 1 f~ 6 +f z f~ i +Aj r ~ i i 

jh = if + 2/ 1 y- B + 2/ 2 y- 4 ; y» = s/,/- 4 ; y# = if 

+/i/ r -' + /•/••-*; 

jif^fif-'; yv=»/i/- 4 ; y 8 *=2/ty- 4 j 

y* 2 = ^y-« + c^y- 4 = * 2 y ; yv = dj— * = »y. 
(4) i 2 =*y 2 + d 1 y- 6 + d 2 y- B +d 3 y r - 4 ; y* =#+*#» 

+ "4*yr-. + /i yr-. +/i/ r-4, 
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jij = v » + —^-f- 6 +f z j r -< ; jij 2 = -^-y ~ 4 ; 

yi 2 = cy-» + <y -* = .7; yv = <*,y-' = »y. 

(5) i 2 =cv» + cy-» + d^-*; ji = gij+hvr+f 2 j'-'+f B j<-*; 

jij = gij* + f 2 j r - i ; jH = fip + (g + i)/J r -« ; 
yV=o ; >y 2 = o ; ys = o ; y»* = ^y- 4 = »y 

(e) * 2 =6iy+c t y 2 + d 2 y- B + d 3 y-«; y» = v + Av*+/ f y-- 8 +/ f< f-' ; 

jij = if+Aj r - i ', jij z = 0; Fj = bij* + dJ r -* = iji; 

ji i =bij* + (bf 2 + d)jr- i ; 
jH=ij*+2fJ'- i ; fij=0=jH; j z F = 0. 

(?) i 2 = &y + cy a + ^y- 6 +4?* r - 6 + 4,y- 4 ; y = *y +/ 2 y- B +/ 3 y- 4 ; 
yy = *y* + / 2 y ~ * ; yv* = o =j%j =j\ 

jH = i/ 2 + 2/J'- 4 ; »y = i# 2 + cy-« + dj- -« = v't ; 

y 2 = &V 8 + ^y- 5 + (b/ t + ^)y- 4 ; 

(b) When r = 6. 

6. We have some modifications in the general formulae. Thus 

i =(210) + 6 (221)+ c(222)+d(l22); 
J = (lll)+0(221)+fc(222) + n(l22); 
tj = (211) + (n + 6^(222); 
f =(112) + g 2 (222); 

# a =(212). 
We find easily 

t 2 = 6(211) + c(212) + (i 2 + <*) (222) + d(112). 
Hcnc6 

b(n + bg)= — dtf-l) + V. 
Again 

ji = g (211) + A(212) + ty(222) + n(ll2). 
Hence 

g (n + bg) + ng* = bg, or (b + n)g 2 = (b — n)g. 

The sub-types are then 

(1) = 0, d — bn — b\ 

i 2 = bij + cif + (bn— V s ) f ; ji = A# 2 + nj* 2 . 



Then 



Hence 
Again, 
Hence 
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(2) g = l, n = 0. 

* 2 = &*J + df + df ; ji = *i + Mf. 
i 3 = & 2 if . 

(3) g=—l, 6 = 0. 

i 2 = cij 2 + df ; ji = — ij + 7i£f + nj 2 . 
i 8 =0. 

(4) sr^O, gr^il. 

t 2 = 5ij + «f + -g^l f ; j» = gfij + A*f + nf. 
# = Wf. 

(c) When r = 7. 
7. In this case 

i = (210) + a(22l) + Z>(222)+c(l22) + d(123); 
j = (lll)+/(221)+y(222) + A(122) + Z(128); 
ij = (211) + (h + a/) (222) + o/(123) ; 
f = (112) +/ 2 (222) + (/+ 1) A(123); 
»f=(212); 
J 3 =(113). 

i 2 =a(211) + 6(212) + (a 2 + c) (222) + c(ll2) + <Z(113) +ac (123) 
= a(211) + a (A +a/) (222) + ae/(123) + c(112) + c/ 2 (222) 

+ c(/+ l)A(l23) + &(212) + d(ll3> 



of -f c = c/ 2 + a 2 / + aA, (A 4- a) c/+ cA = ac. 

ji =/(21l) + 0(212) + a/(222) + (ah + c) (123) + h (112)+ 7 (113). 

/A + a/ 2 + / 2 A=a/, 
o/*+(/+l)# = e + aft. 

The sub-types are therefore 

(1) /=0, a = A, c = 0. f» = o»y + df; ji = gif + lj 8 . 

(2) /=£0, a = = c = A. * = df; ji = fij + gij z + Ij 3 . 

( 3 ) /=!rfp «**» «=i(^-« 8 ). 
t 2 = aij* + i (A 2 — a 2 )f + df . 

J* = a~+A* J + w + J 
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(d) When r = S. 
8. We find, in the same way as before, 

i = (210) + a(22l) + 6(222) + c (122) + e7(123) + e(l24); 

j = (111) + /(221) + sr(222) + £(122) + &(123) + 7(124) ; 

ij = (211) + (a/ + h) (222) + c/(123) + (eg + df) (124) ; 

f = (112) +f (222) + (1 +f)h (123) + (1 + /)*(124) ; 

if=(212)+c/' 2 (124); 

f=(H3) + £(l+/+/ 8 )(l24); 

f = a(21l) + 6(212) + c (ll2) + (a 2 + c) (222) + <7(113) 

+ e(114) + ac(123) + (ad + be) (124) 
= a (211) + (a 2 /+ aA) (222) + ac/(l23) + (acg + adf) (124) 
+ 6(212) + 6c/ 2 (124) + c(H2) + c/ 2 (222) + (ch + cfh) (123) 
+ (c& + c/&)(l24) + d(H3) + <2A(/ 2 + / + 1)(124) + e(ll4). 



Therefore 



Again 



Thus 



a'(f-l)+c(f*-l) + ah = 0, 

ac(f— l) + cA(/+l) = 0, 

«*(/- 1) + 6c (/ 2 — 1)+ c*(/+ 1) +acsf + dh(f* + f+ 1) = 0. 

J« =/(211) + #(212) + £(112) + &(113) + 7(114) + a/(222) 

+ (c + a£) (123) + (d + a& + 6£) (124) 
= /(211) + (a/ 2 +/A) (222) + c/ 2 (123) + (cfg + df) (124) 

+ 0(212) + cfg (124) + A (112) +/ 2 £(222) + (A 2 + /A 2 ) (123) 
+ (hh +/M) (124) + &(113) + lch(f + /+ 1) (124) + 7(114). 



(a 2 + c) c(/ 2 — 1) + ach (f* + /+!) = 0. 



«/(/-!) + V(/+1) = 0, 
c(/ 2 — l) + A 2 (/+l)_aA=0, 
cgf(f+l) + d(f*-l) + Jch(f* + 2f+2)-ak-bh = 0. 
From i 3 we find 

From fi we find 

e(/*- 1) -ah(f+ 1) + /l 2 (/ + 1) (f +/+ 1) = 0. 

This yields twelve sub-types : 

(1) c = = a = d, A:£0, f— — l, b = Je. 
■p = 61J 8 + ej' 4 ; 
j'i = — ij + gr*f + hf + 6f + 7/. 
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(2) c =0 = h = 7e, a^O, /= 1. 
»' = aij + bif + df + ef ; 

ji = ij + gif + If. 

(3) c =0=/, A = a=£0, <2 = a(& — &). 
i 2 = aij* + Jtf + a (k — b)f + ef ; 

ji = gif + af + Jcf + If. 

(4) c =0 = a = h = d. 
»» = 6*f + ef ; 

ji =/»J + 0»J* + lef + If- 

(5,6) c =0 = a = A, /= ± 1, a*:£0. 
i 2 = 5if + af + ef. 
jt = ± »j + 0*f + bf + Zf. 

(7) a=0, h&O, /= — 1, («=0, & = &. 
i 2 = Jif -f cf + ef ; 

j» = — ij + gif + hf + bf + Zf . 

(8) a j= 0, A = 0, /= 1, # = 0, a :£ 1s/~c. 
t 2 = aij + bif + cf t + df + ef ; 

ji = ij + hf + If. 

(9) aj=0, h=0, /=1, g=t=0, a=2V^c. 
i 2 = 2 V^c »j + Wf + cf + df + ef j 

j» = tj + gif + *f + Zf . 

(10) a=0 = h, f— — l. 
#=bif + cf + df+ef; 
ji =—ij + gif + hf + If. 

(11) a =0 = h = g = k, /= 1. 
i 2 = Wf + cf + df + ef ; 
ji = ij + lf. 



(12) A = ±\/-la^O, /= qpV— 1, c = -k s , 
6 = i agr(l — V=l), a* = i a 2 gr + £ a& (1 — v/^=~T). 
i s = aij + £ a*/ (1 — V — 1) if — £ off 



+ a« 2 + *a*(l -V— l))f + ef; 



ji = =p V — 1 ij/ + gif ±*S—laf + kf + If. 
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(e) When r = 9. 

9. i = (210) + a(221) + 6(222) + c(l23) + d(l24) + e(125); 
j =(111) + /(221) +flr(222) + A(123) + *(124)+ *(125); 
ij - (211) + a/(222) + c/(124) + (eg + df) (125) ; 
f = (112) +/ 2 (222) + h(l +/) (124) + (ft + &/ + hg) (125); 
if=(212)+c/ 2 (l25); 
f = (113) + h (/•+/+!) (125). 



Then 
Hence 

Again 
Hence 



i 2 = a ( 211) + a 2 (22 2) + ac (124) + (6c + at?) (125) 

+ 6(212) + c(113) + <f (114). 

a 2 (/-l) = 0, ac (/-1) = 0, 

a0 C + ad(/-l) + 6c(/ 2 -l) + c/i(/ 2 + /+l) = O. 

j» =/(211) + a/(222) + c(124) + d(l25) 

+ £(113) + aA(l24) + M(125) + A (114) + a&(125). 

«/(/— 1) = 0, a/ z c — c — ah = 0, 

c/<7 + /^ + A 2 (/ 2 +/+ 1) = d + M + afc. 



Again 
Hence 

Again 

Hence 



« 3 = a 2 (212) + a 2 c (125) + ac (114) + (be + ad) (115). 

a 2 c(/ 2 — 1) = 0. 
f* = / 2 (212) + (c + aA + a/A) (125) + A(/+ 1) (114) + *(/+ 1) (115). 

c/ 4 = a/h -\- ah-\- c. 

These equations reduce to 

«(/-l) = 0, 

age + be (/ 2 — 1) + cfc(/ 2 +/+ 1) = 0, 

a/ 2 c — c — ah = 0, 

o(/*-l) = 0, 

/fl» + / 2 <* + fc 2 (/ 2 +/+ 1) — d — bh-ah = 0. 

The sub-types are 

(1) a =0 = c, /=1, h = 0. 
# = bif + df + ef; 
ji = ij + lef + Zf . 
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(2) a = = c, /= 1, h j= 0, b = 3A. 
t» = 3A»f + d? + ef; 

ji = ij + hf + k? + lf. 

(3) a :£ 0, /= 1, c = = h = &. 
i 8 = aij + Wf + <fy' 4 + ef ; 

J» = ij + if- 

(4) a=f=0=f=g, /=1, c = — 3(~T1J > 

A = — sagr, fc = — z(a — 1) + 9 ( 3ag + 6 )' 

* = aij + «j» - z( fLi) f+ d ?+ e f i 

ji = ij-h agf+ ( 3( 7_i) + g (Sag + 6)) f + If. 



